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ARCHIVUM MATHEMATICUM (BRNO)Tomus 30 (1994), 131 { 137MONOTONE RETRACTIONS AND DEPTH OF CONTINUAJ. J. Charatonik and P. SpyrouAbstract. It is shown that for every two countable ordinals  and  with  > there exist -dendroids X and Y whose depths are  and  respectively, and amonotone retraction from X onto Y . Moreover, the continuaX and Y can be eitherboth arclike or both fans. 1. IntroductionFor each hereditarily decomposable and hereditarily unicoherent continuum Xan ordinal number k(X) (called the depth of X) is dened in [6], and it is shownthat for each continuous mapping f we have k(f(X))  k(X). Since the depth of acontinuum is a topological invariant, homeomorphisms do not change the depth ofa continuum. Some other mappings, which are { roughly speaking { close enoughto homeomorphisms, have the same property. The aim of this paper is to showthat monotone retractions are very far from having the property: for every twocountable ordinal numbers  and  with  >  we construct continua X of depth and Y of depth  such that there exists a monotone retraction from X onto Y .S. D. Iliadis has constructed in [6] an uncountable family of hereditarily decom-posable arclike continua A() numbered with ordinals  < !1 having the propertythat(1.1) for each  < !1 the depth of the -th member of the family is just .We use these continua A() to dene our continua X and Y mentioned abovebeing arclike.Another family of continua F [] which satises (1.1) is constructed in [3] suchthat each its member is a countable plane fan. This family is exploited to showthat we can also take countable plane fans for the continua X and Y .1991 Mathematics Subject Classication : 54C10, 54F15.Key words and phrases: arclike, continuum, decomposable, dendroid, depth, end, fan, map-ping, monotone, retraction, unicoherent.Received June 2, 1993.
132 J. J. CHARATONIK AND P. SPYROU2. PreliminariesA continuum means a compact connected metrix space. A continuum is said tobe hereditarily unicoherent provided that the intersection of any two its subcon-tinua is connected. A continuumX is said to be hereditarily decomposable providedthat every subcontinuum ofX is the union of two its proper subcontinua. A heredi-tarily decomposale and hereditarily unicoherent continuum is called a -dendroid.Given a -dendroid X we denote by P (X) the family of all subcontinua S ofX such that for each nite cover of X the elements of which are subcontinua ofX, the continuum S is contained in a member of the cover. A (transnite) well-ordered sequence (numbered with ordinals ) of nondegenerate subcontinua Xof a -dendroid X is said to be normal provided that the following conditions aresatised:(2.1) X1 = X;(2.2) X+1 2P (X);(2.3) X = \fX :  < g for each limit ordinal .The depth k(X) of a -dendroid X is dened as the minimumordinal number such that the order type of each normal sequence of subcontinua ofX is not greaterthan . The reader is referred to [6], [10] and [13] for an additional informationrelated to this concept. The following three important facts concerning the depthwill be needed in the present paper. For their proofs see [6], Theorems 1, 2 and 3,p. 94 and 95.Fact 2.4. For every two -dendroids X and Y if Y  X, then k(Y )  k(X).Fact 2.5. A -dendroid X is locally connected (i.e., it is a dendrite) if and onlyif k(X) = 1.Fact 2.6. If a -dendroid Y is a continuous image a -dendroid X, then k(Y ) k(X).Recal that a point c of a continuum X is called a cut point of X provided thatXnfcg is not connected.Proposition 2.7. Let a -dendroid X contain a cut point c such that the numberof components of Xnfcg is nite, and let C1; C2; : : : ; Cn denote the closures of thecomponents. Then k(X) = maxfk(C1); k(C2); : : : ; k(Cn)g :Proof. It is enough to observe that since the family fC1; C2; : : : ; Cng is a nitecovering of X by its subcontinua, for each normal sequence X1 = X, X2; : : : ofsubcontinua of X the second term of the sequence, X2, must be contained in Cifor some i 2 f1; 2; : : :; ng.Let a nite family of spaces fX(i) : i 2 f1; : : : ; nggwith xed points x(i) 2 X(i)be given. Then the space obtained from the free union X(1) +    + X(n) byidentifying all points x(i) to one point v (then called the glue point) is called the
MONOTONE RETRACTIONS AND DEPTH OF CONTINUA 133one-point-union of spaces X(1),: : : ; X(n). In particular, if n = 2, the one-point-union is called the wedge of the two spaces and is denoted by X(1) _X(2) (seee.g. [7], Example 4, p. 42). Note that if the spaces X[i] are continua, then theone-point-union is a continuum for which v is a cut point. As a consequence ofProposition 2.7 we have the following result. Corollarry 2.8. Let a one-point-union X of -dendroids X(i) for i 2 f1; : : : ; ngbe given. Then(2.9) k(X) = maxfk(X(i)) : i 2 f1; : : : ; n; gg :Remark 2.10. It is essential that the number n of components in Proposition 2.7(and of -dendroids in Corollary 2.8) is nite. Indeed, for each straight line segmentI we have k(I) = 1 by Fact 2.5, while it can be veried that for the harmonic fanFH (i.e. the cone over the set f0g[f1=n : n 2 Ng) as well as for the Cantor fan FC(i.e. the cone over the Cantor ternary set) we have k(FH) = k(FC) = 2. However,the harmonic fan can be considered as a one-point-union of straight line segments,and we see that in this case formula (2.9) for innite n is not true; and the Cantorfan can be considered as one-point-union of countably many Cantor fans and ofone straight line limit segment, and now formula (2.9) is still valid (for innite n).So the following question seems to be interesting.Question 2.11. Let a -dendroid X be a one-point-union of innitely many -dendroids X(i), where i 2 I, and let the depth k(X(i)) be given for each i 2 I.How to calculate k(X)?A mapping means a continuous function. A mapping f : X ! Y betweencontinua X and Y is said to be:a local homeomorphism, provided that for each point of the domain space Xthere is an open neighbourhood U such that f(U ) is an open subset of Y and thatthe partial mapping f jU : U ! f(U ) is a homeomorphism;open, provided that it maps open subsets of the domain onto open subsets ofthe range;monotone, provided that for each point y 2 Y its inverse image f 1(y) isconnected;a retraction, provided that Y  X and that each point of Y is a xed pointunder f (i.e., the partial mapping f jY is the identity).Since the notion of the depth of a continuum is formulated by means of topo-logical concepts, it is a topological invariant, i.e., homeomorphisms do not changethe depth of a continuum. Further, it is known that every local homeomorphismfrom a continuum onto a tree-like continuum (see [1], p. 656, for the denition)is a homeomorphism ([9], (6.1), p. 50), and that each -dendroid is tree-like ([5],Corollary, p. 21). Therefore local homeomorphism of -dendroids do not changethe depth either. Each local homeomorphism is an open mapping (see e.g. [9],(4.26), p. 20). Open mappings can change the depth, as it can be seen from thenatural projection of the harmonic fan onto its limit segment.In connection with the above remarks the following problem seems to be inter-esting and natural.
134 J. J. CHARATONIK AND P. SPYROUProblem 2.12. Let a familyD of -dendroids and a classM of mappings betweenmembers of D be given. Is it true that for every two ordinal numbers  and  with >  there are two members X and Y of D such that k(X) =  and k(Y ) = for which there exists a surjection f : X ! Y belonging to M ?We will show a positive solution to 2.12 in case whenM is the class of monotoneretractions and D is either the family of arclike hereditarily decomposable continua(Section 3), or the family of countable plane fans (Section 4).3. Arclike continuaA continuumX is said to be arclike (also called chainable or snake-like) providedthat for each positive number " there is a chain in X covering X such that eachits link has diameter less than ". It is well-known that each arclike continuum isplanable ([1], Theorem 4, p. 654) and hereditarily unicoherent ([1], Theorem 11,p. 660). A point p of an arclike continuum X is called an end point of X providedthat for each positive number " there is a chain in X covering X such that eachits link has diameter less than " and that only the rst link of the chain containsp. The following fact is obvious.Fact 3.1. It two arclike continua A and B are given with end points a and brespectively, then their wedge A _B obtained by identication a and b is arclike.The next result is due to S. D. Iliadis (see [6]), Theorem 5, p. 96, and comparealso [12], Theorem 24, p. 24).Theorem 3.2. For each ordinal number  < !1 there exists an arclike hereditarilydecomposable continuum A() such that k(A()) = .The main result of this section is the following.Theorem 3.3. For every two ordinal numbers  and  with !1 >  >  thereare hereditarily decomposable arclike continua X and Y such that k(X) =  andk(Y ) = , for which there exists a monotone retraction from X onto Y .Proof. Take the family fA() :  < !1g of Theorem 3.2. Dene X as the wedgeA() _A() where an end point of A() is identied with and end point of A()to a glue point p 2 X. Then, according to Fact 3.1, X is an arclike continuumwhich is hereditarily decomposable (because A() and A() are) and, by Corollary2.8 we have k(X) = maxfk(A()); k(A())g = . Put Y = A()  X and denef : X ! Y by f(x) = p if x 2 Y and f(x) = x if x 2 XnY . Then f is a monotoneretraction we need. The argument is complete. 4. FansA continuum that is hereditarily unicoherent and arcwise connected is called adendroid . It is well-known that every dendroid is hereditarily decomposable, so itis a -dendroid. A point p in a dendroid X is called a ramication point of X ifp is the vertex of a simple triod contained in X (i.e. if there are three points a, b
MONOTONE RETRACTIONS AND DEPTH OF CONTINUA 135and c in X such that any two of the three arcs pa, pb and pc have the point p incommon only). A dendroid having exactly one ramication points is called a fan,and the point is called the vertex of the fan. A fan is said to be countable providedthat the set of all its end points is countable.The following fact is obvious.Fact 4.1. If two fans A and B are given with vertices a and b respectively, thentheir wedge A_B obtained by identication a and b is a fan having the glue pointas its vertex. Furthermore, if the fans A and B are countable, then the fan A _Bis countable, too.A proof of the next theorem is given in [3].Theorem 4.2. For each ordinal number  < !1 there exists a countable planefan F [] such that k(F []) = .Now we are ready to prove the main result of this section of the paper.Theorem 4.3. For every two ordinal numbers  and  with !1 >  >  thereare countable fans X and Y such that k(X) =  and k(Y ) = , for which thereexists a monotone retraction from X onto Y .Proof. Take the family fF [] :  < !1g of Theorem 4.2. Dene X as the wedgeF []_F [] where the vertex of F [] is identied with the vertex of F [] to a gluepoint p 2 X. Then, according to Fact 4.1, X is a fan having p as its vertex. ByCorollary 2.8 we have k(X) = maxfk(F []); k(F [])g=  :Putting Y = F []  X and dening f : X ! Y by the same conditions as inthe proof of Theorem 3.3 we complete our argument. 5. Final remarks and questionsAmong various classes of mappings only monotone retractions were consideredin the previous two sections. For other classes M of mappings Problem 2.12 re-mains open. Below we discuss some particular results and questions related to thisproblem.A mapping f : X ! Y between continua X and Y is said to be conuentprovided that for each subcontinuum Q of Y and for each component C of f 1(Q)we have f(C) = Q. All monotone and all open mappings are conuent (see e.g.[9], (3.2) and (3.6), p. 13). It is known that an open, as well as a conuent imageof the sin 1=x-curve S is homeomorphic to the closed unit interval, to S, or to asingleton (see [11], (16.30), p. 555). Thus, in general, conuent mappings of arclikecontinua do not preserve depth.Questions 5.1. Does there exist a hereditarily decomposable arclike continuumX of depth k(X) > 1 such that for each a) open b) conuent mapping f : X ! Yonto a nondegenerate hereditarily decomposable arclike continuum Y we havek(X) = k(Y ) ?
136 J. J. CHARATONIK AND P. SPYROUIf an answer to one of these questions is positive, the next questions can beasked.Questions 5.2. For what ordinal numbers  < !1 do there exist hereditarilydecomposable arclike continua X of depth k(X) =  such that for each a) openb) conuent mapping f : X ! Y onto a nondegenerate hereditarily decomposablearclike continuum Y we have k(X) = k(Y ) ?As regards the inequality  < !1 let us recall that, answering a question ofIliadis in [6], Remark 3, p. 98, Mohler has proved in [10], Section 3, p. 719 thatthe depth of arclike -dendroids is less than !1.In the rectangular Cartesian coordinate system in the plane denote (for eachn 2 N) by Sn the straight line segment joining the origin v = (0; 0) with thepoint (1=n; 1=n2). Then the union F! = SfSn : n 2 Ng is a countable planefan. Since it is locally connected, we infer from Fact 2.5 that k(F!) = 1. It isknown that each image of F! under an open mapping is homeomorphic to F!.Another fan having this property (even for conuent mappings) is the Lelek fanFL being a subcontinuum of the Cantor fan FC (dened and studied in [8], Section9, p. 314-318; for its properties see [4], Corollary, p. 33; compare also [2]). Sincek(FC) = 2 (see Remark 2.10), we infer from Fact 2.4 that k(FL) = 2. Thus forn = 1 and n = 2 there are fans F (n) of depth n having the property that everyopen image of F (n) is homeomorphic to F (n), so their depth is not changed underopen mappings. Then above examples are related to the following questions.Questions 5.3. For what natural numbers n do there exist fans F (n) of depth nsuch that a) every open image of F (n) is homeomorphic to F (n), b) their depthis not changed under open mappings?Question 5.4. For what ordinal numbers  do there exist -dendroids of thedepth  such that their depth is not changed under open mappings?All the above questions are particular cases of the following problem, which is {in a sense { opposite to Problem 2.12, and which can be considered as a programof a future research.Problem5.5. For what familiesD of -dendroids, for what classesM of mappingsbetween members of D and for what ordinal numbers  do there exist -dendroidsin D of the depth  such that their depth is not changed under mappings belongingto M ? References[1] Bing, R. H., Snake-like continua, Duke Math. J. 18 (1951), 653-663.[2] Bula, W. D., Oversteegen, L. G., A characterization of smooth Cantor bouquets, Proc. Amer.Math. Soc. 108 (1990), 529-534.[3] Charatonik, J. J., Spyrou, P., Depth of dendroids, Math. Pannonica, 5/1 (1993), 113-119.
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